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^ ' Abstract. In this paper a classification of Reidemeister moves, which is the 

most refined, is introduced. In particular, this classification distinguishes some 
f^s-moves that only difli'er in how the three strands that arc involved in the 
move are ordered on the knot. 

To transform knot diagrams of isotopic knots into each other one must 
in general use Hs-moves of at least two different classes. To show this, knot 
diagram invariants that jump only under Oa-moves are introduced. 

OKnot diagrams of isotopic knots can be connected by a sequence of Rei- 
' demeister moves of only six, out of the total of 24, classes. This result can 

be applied in knot theory to simplify proofs of invariance of diagrammatical 
knot invariants. In particular, a criterion for a function on Gauss diagrams to 
, define a knot invariant is presented. 
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1. Knot diagrams and Reidemeister moves. 



1.1. Knot diagrams. A knot diagram is a picture of an oriented smooth knot 
like the figure eight knot diagram in Figure |l|. FormaUy, this is the image of an 
ly-j ' immersion of in R^, with transversal double points and no points of higher 

, multiplicity, which has been decorated so that we can distinguish: 



a: An orientation of the strand, and 

b: an overpassing and an underpassing strand at each double point. 
Of course, the manner of decoration, such as where an arrow that indicates the 
J2 ' orientation is placed, does not matter: Two knot diagrams are the same if they 

are made from the same image, have the same orientation, and have the same 
over-undercrossing information at each crossing point. 

Two knot diagrams are equivalent if there is an orientation-preserving diffeomor- 
' phisni of the plane that takes one diagram to the other diagram. 



1.2. Reidemeister moves. A Reidemeister move is a transformation of a knot 
diagram which looks like one of the transformations in Table |l| inside a disk in 
(up to diffeomorphisms) and leaves the knot diagram unchanged outside the disk. 
More formally, we say that the knot diagrams k and I are related by a Reidemeister 



Figure 1. The figure eight knot diagram. 
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Table 1. Reidemeister moves. 




move if they are the same outside C C and there are diffeomorphisms g, h from 
C to a disk D such that 

a: h^^ o g = Id on the boundary of C, and 

b: g{knC) and h{lnC) is one of the unordered pairs of diagram-parts in Table ^ 

We shall call C the changing disk of the Reidemeister move. 

Reidemeister moves were introduced in the setting of PL-knots by K. Reidemeis- 
ter in 1927. Reidemeister proved the PL version of the following well-known fact: 
Two knot diagrams describe isotopic knots if and only if they are connected by a 
sequence of Reidemeister moves and orientation-preserving diffeomorphisms of the 
plane. 

1.3. Classifying Reidemeister moves. Reidemeister moves are usually sorted 
into three classes fli, and fl^, as in Table I. That is, a move is of class fli 
if the changing disk contains i strands. (Trivia: In his first paper on the sub- 
ject Q, Reidemeister put the moves in another order: He called them Operation 
1 {fl2), 2 {fii) and 3 (f^a). The terminology {$7.1, $7.2, $7.3} appears in his book 
"Knotentheorie" @ from 1932). 

A more refined classification of Reidemeister moves may be needed when one 
wants to prove that a function defined on knot diagrams is a knot invariant. There 
are two common ways in which the {$7i, $72, $73}-classification can be refined: One 
is to take into account the orientation of R (that is, to distinguish the mirror- 
imaged versions of $7i- and $73-moves in Table |l]). The other is to also take into 
account the orientations of the strands in the changing disk. In this paper a classi- 
fication is introduced (see Definition |^ below) which incorporates these refinements 



and also the ascendingness and descendingness defined in Section 1.4 below. The 
classification in Definition |l| originated in a study of Gauss diagrams. In Section |^ 
the classification is reformulated in terms of Gauss diagrams. 

1.4. Ascending and descending $73-moves. The original part of the classifica- 
tion in Definition |l| is contained in the following characterization of an $73-move. 
We can distinguish the three strands in the changing disk of an $73-move: One is 
the top strand, the strand with two over-crossings. One is the middle strand, and 
one the bottom strand. When we move along the knot diagram in the direction of 
the orientation, we pass these strands in some cyclic order. Call the $73-move de- 
scending if we pass the strands in the order top-middle-bottom and call it ascending 
otherwise. 
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Theorem 1. The figure eight knot diagram cannot be transformed into its inverse 
(the same diagram with the orientation of the strand reversed) without the use of 
both ascending and descending fl^-moves. In particular, it cannot be transformed 
into its inverse without at least two fl^-moves. 

The proof is given in Section |[ 

1.5. A refined classification of Reidemeister moves. By definition, a knot 
diagram is made from some immersion of S-^ in R^. We shall assume that the 
orientation of the knot diagram is induced from the orientation of S^, so the knot 
diagram determines the immersion up to an orientation-preserving diffeomorphism 
of S\ 

Let the knot diagrams d, k be decorated images of the immersions id, ik ■ —> 
M^. Given these immersions, an equivalence of the knot diagrams d and k (i.e. an 
orientation-preserving diffeomorphism of R taking d to k) induces an orientation- 
preserving diffeomorphism of S^. 

Definition 1 (Equivalence of Reidemeister moves). Let X be the Reidemeister move 
that transforms the knot diagram di to d2 inside the changing disk C , and let Y be 
the Reidemeister move that transforms ki to k2 inside the changing disk D. 

X and Y are directed-equivalent if there are orientation-preserving diffeomor- 
phisms g,h : C ^ D such that 

a) g{di nC) = fci nZ) and h{d2 flC) = ^2 H-D, with the same over-undercrossing 
information at each crossing. 

b) Fix some immersions of the oriented circle such that di, d2, ki, k2 are their 
decorated images. The maps g, h of pieces of knot diagrams induce maps 
between segments of the immersing circles. These maps should extend to 
orientation-preserving diffeomorphisms S^. 

X and Y are equivalent if X is directed-equivalent either to Y or to the reverse 
move Y^^ that changes k2 into ki inside D. 

Every equivalence class splits into exactly two directed equivalence classes; see 



Section l.S 



Each crossing in a knot diagram is given a sign by the rule sign(,6 ) — +1, 

sign(-^-^ ) = -1- 

Definition 2 (Taxonomy of Reidemeister moves). 

• An rii-move is said to be of class fluj , i,j = ±1. The index i = +1 if 
the kink that the move introduces (or removes) is oriented counterclockwise, 
and i — —1 otherwise. The index j is the sign of the crossing that the move 
introduces or removes. 

• An D,2-move is said to be of class fl2ij7 i,j = il- The index i = if the 
meeting strands are oriented in the same direction (the move is called direct 
and i = —1 otherwise (the move is called inverse j. The index j is the sign 
of the affected crossing where the overcrossing strand is directed out from the 

L 

area enclosed by the meeting strands: o 
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• An n^-move is said to be of class ^sijkm: i,j, k,m = ±1. The index m = +1 
if the move is descending and m = — 1 otherwise. The indices i,j,k are the 
signs of the crossings in the changing disk: 




It is easy to verify that Definition ^ gives the splitting of the classes ili, and 
into equivalence classes as defined in Definition |]. 

1.6. Main results on classes of Reidemeister moves. 

Theorem 2. Any Reidemeister move can be realized by a sequence of moves of the 

classes . Qi^ , CI2 ^2 ; ^3 ^3 \ • followed by a diffeomorphism 

with support in the changing disk of the original move. 

The proof is given in Section ^. There are other sets of six classes of Reidemeister 
moves that also has this property, such as the set {rii_+, fli--, ^2 \-, , 

^3H hi }• 

Theorem 3. For every knot type there are two knot diagrams, representing knots 
of this type, such that to transform them into each other we need at least 

1. one ascending and one descending fls-move, and 

2. an fliij-move and an Cliki-move, {i,j) ^ {k,l), ^ {—k,—l). 

Theorem |^ extends Theorem |^ to diagrams of any knot type. The proof is 
given in Section and it makes use of some knot diagram invariants introduced 
in Section ^ If we remove requirement 1, the remaining statement can be proved 
using well-known knot diagram invariants (writhe and winding number, also cf. 
Proposition ||). 



1.7. Organization of the rest of the paper. Sections 1.8 and [1.9| deal with the 
direction of a move. In Section p the definitions and results are reformulated in 
terms of Gauss diagrams. Section 3| contains the proof of Theorem |2| 

In Section ^ several knot diagram invariants are introduced, and some of their 



properties are derived. Section 4.4 describes how the simplest of the invariants 
jumps under a Reidemeister move. Section ^ contains the proofs of Theorems |^ 
and ^. The proofs make use of some of the invariants from Section ^. 

1.8. Directed classes of Reidemeister moves. Every equivalence class splits 
into exactly two directed equivalence classes (see Definition |l|). We say that an 
ill- or J72-move is in positive direction if the number of crossings in the diagram 
increases. To define the positive direction of an ri3-move we use a construction by 
V. Arnold §: 

The three strands in the changing disk (before or after the move) form a vanishing 
triangle. The edges are ordered by the cyclic order in which we pass them if we 
move around the diagram in the direction of the orientation. This cyclic order 
gives an orientation of the vanishing triangle. Let n be the number of edges where 
this orientation coincides with the orientation of the edge. Let q = (—1)". Then 
q = — 1 at one side of the move and q = +1 on the other. We say that the move is 
in positive direction if q = —1 before the move and q — +l after the move. 
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Example 1 (An ria-move in positive direction). 



1.9. The direction of ascending and descending fia-moves. Arnold's defi- 
nition of the positive direction of a triple point move appeared in the theory of 
plane curves. For knot diagrams there is an ordering of the edges in the vanishing 
triangle which only depends on the knot diagram inside the changing disk: top- 
middle-bottom. So it is possible to define a "positive direction" of an fia-move in 
two different ways: Using Arnold's ordering of the edges, or the top-middle-bottom 
ordering. The two definitions give the same "positive direction" for descending 
ria-moves and opposite "positive direction" for ascending f^a-moves. (In this paper 
we always use Arnold's original definition.) 



Let the knot diagram d be the decorated image of an immersion of an oriented 
circle, with the orientation of the diagram given by the orientation of the circle. 
The Gauss diagram Gd of d is the immersing oriented circle with the preimages of 
each crossing point connected by a signed arrow. The arrow points from overpass to 
underpass and is given the sign of the crossing. Gauss diagrams are considered up 
to orientation-preserving diffeomorphism of the circle, so equivalent knot diagrams 
have the same Gauss diagram. 

Example 2 (The Gauss diagram of a knot diagram.). 



The Gauss diagram determines a knot diagram on the sphere up to an orientation- 
preserving diffeomorphism of the sphere. That is, the Gauss diagram determines a 
knot diagram in the plane up to a choice of a point of infinity outside the diagram 
on the sphere and up to equivalence of knot diagrams. 

A Reidemeister move induces a transformation of Gauss diagrams. An il^-move 
affects i arrows, with end points on i segments of the circle of the Gauss diagram, 
without changing the rest of the diagram. 

The original motivation for the choice of the definitions in this paper was the 
following obvious Proposition: 

Proposition 1. The Reidemeister moves A" : di i— > ^2 and Y : ki <—> k2 are 
directed- equivalent if and only if the abstract Gauss diagrams obtained by erasing 
all arrows in Gdi and G^i that are not affected by the move are the same (up to an 
orientation-preserving diffeomorphism of the circle), and likewise for Gd2 andGk^. 
□ 

That is, X and Y are directed-equivalent if and only if the induced transforma- 
tions of the Gauss diagrams look the same when disregarding the unchanged part 
of the diagram. 




2. Reidemeister moves of Gauss diagrams. 




6 OLOF-PETTER OSTLUND 

Table 2. A sufficient set of Reidemeister moves for Gauss diagrams. 



A- 



Corollary 1. A function on Gauss diagrams defines a knot invariant if and only 
if it is invariant under the transformations in Table where the dotted segments 
indicate a part of the Gauss diagram that is unchanged. 

In Table H, the positive direction of a move is from left to right. 

3. Proof of Theorem ^. 

The proof of Theorem |^ consists of three lemmas. The method is to draw 
movies that show explicitly how a Reidemeister move of a class we want to exclude 
is replaced by a sequence of other Reidemeister moves. All moves in this sequence 
take place inside the changing disk of the move we replace. 

Lemma 1. Any fli-move can be replaced by r2i++-, ili^ - and fl2 -moves. 

Proof: We can replace an ili |_-move with the sequence 

And we can replace an Sli__-movc with the sequence 




++ 



Lemma 2. Any direct Q2 -"move can be replaced byfl2 \--, ili -,. f^a | 

and j -moves. 

Proof: We can replace an r22++-move with the sequence 

t ; t ; } ) 



■+ 



/^N ill. 



In a similar way we can replace an -move with a sequence of moves of class 

fli , Q2 , ^^3 I and fii □ 

Lemma 3. Any ascending (descending) Q^-move can be replaced by ^2-fnoves and 
an fl^-move of any ascending (descending) class. 
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Proof: We can replace an fJs-move with a sequence which looks like 




if we temporarily forget about orientation, over/under-crossing information and the 
ordering of the edges. Here we replace the ria-move in the changing disk A with a 
move in the changing disk B. The Oa-moves in A and in B are either both ascending 
or both descending. The first three signs i,j,k in the Qsijkm index are given by 
the signs of the three crossings in the changing disk as indicated in Definition ^j. 

We have three choices of wedges where to make the first r22-move. If we make the 
move between the middle and bottom strands, i and j change place in the index and 
k is reversed: k) i— > (j, i, —k). If we make the move between the top strand and 
the strand that crosses the top strand at the i-crossing then {i,j,k) i-^ {j, —i,k). 
If we make the move between the top strand and the strand that crosses the top 
strand at the j-crossing we get (z, j, k) i-^ (— j, i, k). Repeating this process with the 
new changing disk, we can get any index. This completes the proof of Theorem |[ 
□ 



4. Knot diagram invariants. 

4.1. Writhe and winding number. Note that by a knot diagram invariant we 
mean a function on knot diagrams that is unchanged under equivalence of knot 
diagrams. There are some well-known knot diagram invariants which are not knot 
invariants, foremost the writhe and the winding number. The writhe is the sum of 
the signs of all crossings in the diagram. The winding number is the degree of the 
map —> taking a point on the immersing circle to the direction of the tangent 
vector in the plane. 

The main previously known result about classes of Reidemeister moves is Propo- 
sition |2| below. Note that the writhe and the winding number are unchanged under 
ill- and ri2-moves, which proves the easy "only if" -part of the Proposition. 

Proposition 2 (B. Trace ||^). Two knot diagrams of isotopic knots can be trans- 
formed into each other without the use of Vli-moves (they are regularly isotopic j if 
and only if they have the same writhe and winding number. 

4.2. Connected sum of knot diagrams. The knot diagram fc is a connected sum 
of ki and k2 if k can be split by a simple closed curve intersecting the diagram in 
two points, into diagrams equivalent to fci and ^2, as below: 
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If /c is a connected sum of fci and fc2, the corresponding Gauss diagram Gk is a 
connected sum of G^^ and Gfe^ in the sense that Gk can be split into Gki and G^^ : In 

the example above, the terms have Gauss diagrams Gki = ^^^^ — 

while the sum has Gauss diagram • ^ knot diagram invariant V is called 

additive if l^(fc) = ^(^i) + V{k2) whenever fc is a connected sum of fci and fc2. 

Lemma 4. T/ie writhe is additive. The winding number is not, but if k is a con- 
nected sum of ki and k2, then 

winding number{k) — winding number{ki) + winding number{k2) + i 
where i depends on how the sum is done: i = +1 if we cut like 

i — —\ if we cut like ^,'.[ 

Proof: The first part is evident. For the second part: If we cut the knot diagram 
k into fci and fc2 we introduce two new half-turns of the direction vector, in the 
same direction. Hence the sum of the winding numbers of fci and fc2 differ by +1 
from the winding number of their connected sum fc if the half-turns are in positive 
direction, and by —1 if they are in negative direction. □ 

4.3. The knot diagram invariants A„, Z?„ and Wn- For a knot diagram fc let 

Ai{k) be the sum of the signs of all subdiagrams of the form 04 = t j/| ^) iii the 

Gauss diagram Gk of fc. A subdiagram is an abstract Gauss diagram that can be 
created from Gk by removing arrows. The sign of the subdiagram is the product of 
the signs of the arrows in the subdiagram. In the same way define D/^ as the sum 

of the signs of the subdiagrams of the form ^4 = In Section || we use and 

Di to prove Theorems and |3[ 

More generally, we define A„(fc) and Dn{k), n > 4, as the sum of the signs of 
the subdiagrams of Gk with n arrows arranged cyclically as 



respectively 



Define Wn{k), n = 3, 5, 7, ... , as the sum of the signs of the subdiagrams of Gk 
with n arrows which are diameters directed so that no two arrow heads are adjacent 
on the circle. That is, W5 is the sum of the signs of the subdiagrams that look like 



W5 = 




Obviously, A„, £)„ and Wn are knot diagram invariants. The abstract subdia- 
grams that define these invariants, which we call a„, d„ and Wm are examples of 
arrow diagrams. Functions defined in this way were introduced by M. Polyak and 
O. Viro §. 
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Proposition 3 (Properties of An, Dn and Wn)- An, Dn and Wn are additive un- 
der the connected sum of knot diagrams. An{k) and -D„(fc) are multiplied by (—1)" 
by mirroring of k ( change of orientation o/ R J and change into each other under 
inversion of k (change of orientation of the strand). Wn{k) is multiplied by —1 by 
mirroring of k and is unchanged by inversion ofk. 

Proof: Mirroring of the knot diagram affects the Gauss diagram by reversing the 
signs of all arrows. The sign of an a^-, d„- or w„-subdiagram is a product of the 
signs of n arrows, so every sign is multiplied by (—1)". For a z«„-subdiagram, n is 
always odd. 

Inversion of the knot diagram affects the Gauss diagram by reversing the orien- 
tation of the circle, so the statement is evident. 

Additivity is because the Gauss diagram of a connected sum is a connected sum 
of Gauss diagrams (see Section |4^ ) , and each a„-, dn,-, or w„-subdiagram evidently 
must belong to one of the summands. □ 

Proposition 4 (Reidemeister move invariance of A„, Z3„ and Wn)- An, Dn andW, 
do not change under fii- and VL2-moves. An does not change under descending 
moves and Dn does not change under ascending ^^-moves. 

We assert that An (Dn) does change under some ascending (descending) fl^- 
moves and Wn does change under some fia-moves of both ascending and descending 
type. (That is, they are not knot invariants.) 

Proof of fli-invariance: An Oi-move introduces (or removes) one arrow in the 
Gauss diagram as in Table I This arrow is isolated; its head and tail are ad- 
jacent on the circle. a„-, d„- and Wn-subdiagrams contain no such arrows, so the 
set of such subdiagrams does not change. □ 

Proof of fl2 -invariance: An il2-move introduces (or removes) two arrows in the 
Gauss diagram as in Table |^. The tails of these arrows are adjacent on the circle, 
and the heads are also adjacent on the circle. This is not the case for any two arrows 
in an a„-, c?„- or w„-subdiagram. There may be a„-, dn- or w^-subdiagrams that 
contain one of the two arrows affected by the move. However, such subdiagrams 
come in pairs with opposite sign, since the two arrows have opposite sign and point 
from adjacent points on the circle to adjacent points on the circle. Hence An, Dn 
and Wn are invariant under f^i- and r22-nioves. □ 

Proof of invariance of An (Dn) under descending (ascending) fl^-moves: ByLemma| 
a knot diagram invariant that is unchanged under fli- and f22-inoves is invariant un- 
der all ascending (respectively descending) Jla-moves if it is invariant under moves of 

class I (fis I-++). The corresponding moves of Gauss diagrams are depicted 

in Tabic | 

An f23-move affects three arrows in the Gauss diagram. The move obviously 
does not change the number of a„- and d^-subdiagrams that only contain one of 
these three arrows. The subdiagrams that contain two of the affected arrows might 
change. These two arrows must then have adjacent end points at some point on 
the circle. 

Any two arrows in an a„-subdiagram have adjacent end points at no more than 
one place on the circle. Then these end points are one head and one tail. If the two 
arrows are crossed, the tail comes before the head on the circle, and if the arrows 
are not crossed, the head comes before the tail. 
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We see in Table || that for an ^3 ^++-move, two affected arrows that have a 

head and a tail next to each other are crossed if and only if the head comes before 

the tail. Hence no pair of arrows that are affected by an O3 |__|__|_-inove can belong 

to an a„-subdiagram. Consequently An is invariant under descending fJs-moves. In 

the same way we see that no pair of arrows that are affected by an fl^ | -move 

can belong to a (i„-subdiagram. □ 

4.4. The Weirdness W3. A geometric formula for the jump. The function 

is called Weirdness. 



W3, which is given by subdiagrams on the form 1/73 = 

We shall give a formula for the jump of W3 under a positively directed r23-move. 

Let fc be a knot diagram and C a selected changing disk for a Jl3-move on k. 
The piece of knot diagram exterior to C consists of three strands, which we label 
a, b and c. a is the strand that connects the top strand inside C with the middle 
strand, b connects the middle and the bottom strand, and c connects the top and 
the bottom strand. By the local linking number Ilk of the pair (fc, C) we mean the 
following (cf. Example H below): 

Erase the piece of knot diagram that lies inside C. Erase the c strand. Make the 
remaining a and b strands into a two-component link diagram by connecting the 
two ends of each strand with a strand inside C in such a way that the strand that 
closes the b strand does not pass over the strand that closes the a strand. 

The local linking number is the linking number of this link. (The linking number 
is an invariant of two-component links. If we pick one of the components, the linking 
number is the sum of the signs of the crossings where this component crosses over 
the other.) 

Ilk is clearly invariant under equivalence of knot diagrams (as long as we keep 
track of the selected changing disk.) 

Proposition 5. W3 jumps by llk{k, C) under a positively directed fl^-move in the 
changing disk C on the knot diagram k. 

Example 3 (Computing the local linking number.). Consider the changing disk C 
in the knot diagram 




We make the knot diagram into a link diagram as below: 




Ilk is the linking number of this link. 

Proof of Proposition By Lemma ^, we can replace an J73-move with a sequence 
consisting of f22-inoves and a move of any fJa-class with the same ascending- 
ness/descendingness. The main trick is to make a move in the changing disk B 
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instead of the changing disk A in the picture below: 




Here llk{ki,A) = llk{k2,A) since f22-nioves outside A cannot change the hnking 
number. llk{k2,A) = llk{k2,B) since the most that can happen is that an over- 
crossing of the a (or b) strand is replaced with an overcrossing of the b (a) strand 
with opposite sign. This does not change the linking number. Hence it is sufficient 

to prove the statement for Q3 |-4.+-moves and | -moves. We consider W3- 

subdiagrams of a Gauss diagram, such that two of the arrows in the subdiagrams 
belong to the changing part. (Subdiagrams such that only one arrow belong to 
the changing part are unchanged by the move.) The changing part is depicted in 
Table ^. We see that there can be no subdiagrams of this kind after the positively 
directed move, when the changing part looks as on the right side in the Table. Be- 
fore the positively directed ^-(-+-move we can have ws-subdiagrams that look 

like 

,,4^^; , which contains the two dotted arrows in the changing part and one arrow 

pointing between unchanged segments as shown. Before the positively directed 

I -move we can have ws-subdiagrams that look like ^'^^ ■ 

In both cases, the sign of the subdiagram is minus the sign of the third arrow 
in the subdiagram. The third arrow points from the segment that represents the b 
strand to the segment that represents the a strand. So when we make the move in 
positive direction, we add to Wj, the sum of the signs of the crossings where the b 
strand crosses over the a strand. This is the local linking number, since we close 
the link without introducing any new overcrossings of b over a. □ 



5. Proof of Theorems [I] and ^. 

5.1. Proof of Theorem |l[ We shall prove that the figure eight diagram dg in Fig- 
ure cannot be transformed into its inverse without the use of both ascending and 



descending lla-moves. has Gauss diagram G^, 




. Obviously A{ds,) = 1 



while D{ds) = 0. The inverse knot diagram has A = and = 1 by Proposition |[ 
The result follows since A jumps only under ascending fia-moves and D jumps only 
under descending S^s-moves. □ 

5.2. Proof of Theorem ^ For each knot diagram, we shall construct a knot dia- 
gram of an isotopic knot, such that the two knot diagrams can only be transformed 
into each other with the use of both descending and ascending fis-moves, and move 
of some classes fluj and fliki, {hj) 7^ ±(fc,^). Consider the knot diagram a of the 
unknot: 
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a has Gauss diagrams G, 




We see that D{a) = -1, A{a) = 0, 



writhe(a) = — 1 and winding number(a) = 0. The inverse knot diagram a has 
D{a) = 0, A{a) — —1, writhe(a) — —1 and winding numbcr(a) = 0. (The writhe 
is unchanged under inversion, and the winding number is muhiphed with —1.) For 
every knot diagram d there is some knot diagram k that is a connected sum of d, 
a and a. This connected sum should be made at corresponding points on a and a. 

k and d describe isotopic knots, since we have just added two unknots. A{k) — 
A{d) — 1 and D{k) — D{d) — 1 by Proposition ^, hence we need both ascend- 
ing and ascending rJa-moves to transform k to d. writhe(fc) = writhe((i) — 2 and 
winding number(A:) = winding number((i) by Lemma ^ (because the contribution 
in winding number from a and a cancel). The winding number and writhe jump 
by ±i and ±j under an ^uj-vaove and are invariant under O2- and fis-moves, so a 
collection of moves of classes and r2i._i^_j can never raise the writhe by 2 and 
leave the winding number unchanged. □ 
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